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The introduction of the high-speed computer in research has given the 
scientist a powerful tool for solving problems by means other than classical 
mathematics. There has been a tendency among engineers to program classi- 
cal equations, such as the wave equations, on the computer. In many instances 
there are other techniques available which are more suitable for numerical 
computations. One such method is the invariant imbedding technique which 
will be applied to the classical potential barrier problem of quantum 
mechanics. Schrijdinger’s equation as generally used in such problems will 
not be introduced; rather the method of invariant imbedding will be described 
and applied. 
There are two types of equations which arise in invariant imbedding: 
the functional equation approach first used by Redheffer [ 11, and the recursion 
relations of Bellman [2] and his co-workers. The functional equations are 
in the form of differential equations and the recursion relations are algebraic 
equations similar to difference equations. The former equations require the 
introduction of a numerical method such as Runge-Kutta and are therefore 
not as useful as the recursion relations. 
This paper will describe the methods and then apply both techniques 
to the reflection and transmission of electrons incident on a potential barrier. 
The quantum levels of an electron in a finite potential well can be derived 
in a very simple manner. Other applications of the concept will be obvious 
to the reader. 
I. FUNCTIONAL EQUATIONS AND THE POTENTIAL BARRIER 
The propagation characteristics of an electromagnetic wave in a medium 
with variable properties can be determined from the functional equations. 
* This paper is based on a thesis submitted by H. A. Davies in partial fulfillment 
for the M.S. degree in the Electrical Engineering Department, Vanderbilt University, 
Nashville, Tennessee. 
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Since the electron can be described by the wave equation, the transmission, 
and reflection coefficients of an electron impinging on a potential barrier 
can also be found from such equations. Assume that an electron is incident 
on the left side of an interface separating two regions of different potentials 
as well as one incident on the right side of the same interface. The right-hand 
reflection and transmission reflection coefficients obey differential equations 
with coefficients dependent on the two regions. 
T-_k_=P 
Frc. 1. Electron impinging on a potential interface. 
4 
- = Q + (4 + b) P + CP” dx 
dr 
- = T(CP + bp). 
UT% (2) 
The left-hand reflection and transmission coefficients can also be defined 
by differential equations: 
The differential equation coefficients are related to the properties of the 
medium, where a = p’(O), b, = t’(O), b, = r’(O), and c = r’(0). The initial 
conditions imposed on the equations are that f(0) = T(O) = 1 and $0) = 
p(O) = 0. Such conditions imply that all electrons are transmitted through 
a zero thickness potential barrier separating two regions with identical 
potentials. 
The equations given above are perhaps too general since the parameters 
u, 4, bs , and c are defined in terms of the transmission properties which 
are sought. Consider a transmission line of impedance Z(x) and with a 
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propagation constant y(x). It is possible to show that the reflection coefficient 
of such a line can be defined [3] in terms of Z(x) and .y(x) where 
dpo = *r(x) p(x) _ Cl - P2c41 dz(x) . 
dX 22(x) dx 
Direct comparison of this equation with (1) makes it possible to redefine the 
parameters a, b, , 6, , and c: 
1 dZ(x) 
a=-c=--2Zo 
b, f b, = &(x) 
(6) 
(7) 
It can also be shown that for a lossless medium b, = bs , therefore the 
equations are completely defined provided that the medium is lossless. 
The equation for p(x) appears to be suitable for finding the reflection of an 
electron of energy E from a potential barrier of height V < E. To use 
Eq. (5), the propagation constant y(x) and the impedance Z(x) [4] for the 
medium must be found. The propagation constant can be found from the 
Schrijdinger equation and the impedance is deduced from elementary con- 
siderations of the reflection coefficient: 
y(x) = j 1% [E - V(X)]/~‘~ 
‘tx> = [ E -K(x) ]1’2’ 
The parameter K given in Z(x) is not important as it cancels out of Eq. (5), 
provided that it is not a function of x. It is dependent only on na and fi and 
therefore is not dependent on x. 
Equation (5) can now be written in terms of the electron energy E and the 
potential barrier V(x). 
4 - - 2j 
I 
2m[E - V(x)] 1~ 
dx P I 
(1 - p2) W4 o 
’ + 4[E - V(x)] dx = ’ (10) 
Three types of potential barriers were defined and the reflection coefficient 
equation given in (10) solved for each case. A simple step, a double step and 
a potential hill were investigated. The potential barrier configurations are 
given in Fig. 2. The three models were selected to compare the values of p 
computed from (10) with classical values. It was also possible to test the 
phase dependency of the medium on the computed values of p. 
Equation (10) is not ideally suited for the abrupt steps in V(v), since this 
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leads to an infinite slope in V(X). The infinite value of dV/dx cannot be 
permitted on the digital computer therefore a finite value was used. The 




FIG. 2. Potential barrier model. 
distance of lo-lo cm. The accuracy in p was therefore decreased but it was 
necessary. The results of the computation for the model in Fig. 2a are given 
below along with values from the classical approach. (V, = 1 electron volt). 
Particle Energy Computed (10) claaaic.al Percent Error 
1.11 ev 0.5282 0.5211 1.36 
1.25 ev 0.3852 0.3820 0.84 
1.5 ev 0.2694 0.2679 0.56 
1.67 ev 0.2254 0.2244 0.49 
2.00 ev 0.1721 0.1716 0.35 
2.50 ev 0.1273 0.1270 0.27 
5.OOev 0.05579 0.05573 0.11. 
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II. RECURSION EQUATION APPROACH 
The recursion equation approach of invariant imbedding has several 
advantages over the functional equation method. The equations can be 
solved without using the numerical methods for solving differential equations, 
the concept of impedance is avoided and discontinuities can be included. 
It is possible in such simple problems as the models of Fig. 2 to compute p 
without using the digital computer. 
The recurrence equations for the reflection and transmission coefficients 
are dependent only on the wave number k and the thickness of the medium. 
Consider a medium broken into n slabs where the n -- 1 slab has a wave 
number k,-, = 27r/X,-, and a thickness A,-, . 
(13) 
(14) 
The terms with N are the composite coefficient for the rr - 1 slabs, i.e., 
the value for the first slab becomes the N term in the computation for two 
slabs. The terms pn , 7 n , tn , and Y,, are found directly from Fresnel equations 
and are the reflection and transmission coefficients for a simple interface 
in the medium between the n-lth slab and the nth slab. 
4, - h-x 
,‘h = k, + k,-, =-; -‘,I 
t, = 2Lx 
k k n t n-x 
(17) 
The recurrence relations are general and can be used to analyze the 
reflection of an electron without restrictions on E. Three simple potential 
barriers will be considered: the simple potential barrier of Fig. 2a, the 
potential hill of Fig. 2c, and the finite potential well. 
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Consider the simple barrier of Fig. 2a where V = 0 for x < x,, and 
V = L’s for x > x,, . In the region where V = 0, the value of jk = y is 
k, = ($f- Er” 
and for x > x,, when E > V, . 
k, = [$ (E - Vo)]1’2 (19) 
If the particle impinges on the barrier from the left, the reflection coefficient 
is given by rl . Now from (15) 
1 - (1 - +Ly2 
i; = 1 + (* 
(20) 
where the use of (14) is not necessary since there is only one interface. 
When E < V, , Eq. (19) must be rearranged due to the occurrence of the 
(-1)“2 
k, = j [$- ( V,, - IX)]“‘. (21) 
With the particle from the left as before, the reflection coefficient is 
fl = @e, (22) 
where 
8 = tan-l 
( 
V, - E 
1 
l/2 
E ’ (23) 
The particle is completely reflected by the barrier which extends to infinity. 
The results given in (20) and (22) are in complete agreement with the 
classical approach. 
The potential hill of Fig. 2c has two interfaces, thus Eq. (14) must be 
solved for ?s . By using (15) again for the first interface, Pi is given by (22) 
if the electron has an energy E < V. 
fl = e-2j@, 
where 0 is given in (23). The potential hill is of width II, thus 
(24 
f2 = e-2je + 
4j (~!&)l" ( ""V, E )l" e--818e--99k,o 
0 
1 - e-UBe-Wk,a (24) 
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and upon simplifying 
(25) 
The result given in (24) for t, is in agreement with classical quantum 
mechanics. 
The finite energy well is quite interesting since the particle is trapped 
in the well. There exist energy levels at which the wave functions are in a 
constructive interference, these are the quantum levels of the electron. 
Invariant imbedding permits a simple analysis of this particular case. Assume 
an electron placed in the potential well at the left side of the well, at s,, . 
x0 Xl 
FIG. 3. The potential well. 
If the particle leaves the wall with zero relative phase, is reflected at the xi 
boundary, returns and is reflected at x,, , the phase shift must be 27rn for a 
quantum level. Therefore 
or 
and from (23) 
tan-’ 
( 
vll - E 11-2 
E ) (28) 
Equation (28) predicts the quantum levels which can exist in the potential 
well. Simple reasoning was used to derive the equation without the use of 
Schriidinger’s equation. 
III. CONCLUSIONS 
The invariant imbedding method of studying several simple quantum 
mechanical models has been described in this paper. The technique is 
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simple and quite suitable for computation on the digital computer. The 
functional equation method leads to valid results, although the numerical 
methods of solving differential equations cannot be avoided. Computations 
made with the recursion relations give the correct answers and are ideally 
suited for the computer. Numerical methods are not necessary since the 
equations are already in numerical form. Much more work needs to be done 
before all of the mathematical advantages of the invariant imbedding method 
can be proven. 
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